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Abstract The imaginary-time quantum dynamics is

implemented in Cartesian coordinates using the momen-

tum-dependent quantum potential approach. A nodeless

wavefunction, represented in terms of quantum trajectories,

is evolved in imaginary time according to the quantum-

mechanical Boltzmann operator in the Eulerian frame-of-

reference. The quantum potential and its gradient are

determined approximately, from the global low-order

(quadratic) polynomial fit to the trajectory momenta, which

makes the approach practical in high dimensions. Imple-

mentation in the Cartesian coordinates allows one to work

with the Hamiltonian of the simplest form, to setup calcu-

lations in the molecular dynamics-compatible framework

and to naturally mix quantum and classical description of

particles. Localization of wavefunctions in the center-of-

mass degrees of freedom and in the overall rotation, which

makes the quadratic polynomial fitting in Cartesian coor-

dinates accurate, is accomplished by the addition of a qua-

dratic constraining potential, and its contribution to the

zero-point energy is analytically subtracted. For illustration,

the zero-point energies are computed for model clusters

consisting of up to 11 atoms (33 dimensions).

Keywords Quantum dynamics � Quantum trajectories �
Zero-point energy � Boltzmann operator � Imaginary time

1 Introduction

The quantum-mechanical (QM) behavior of nuclei, mani-

fested in the zero-point energy (ZPE) effect, tunneling and

nonadiabatic transitions, is often essential for accurate

description and understanding of reactions in gas phase and

complex chemical environments, especially in processes

involving hydrogen at low temperatures and energies. For

example, ZPE stored in the vibrational modes of chemical

reactants, products and transition-state species modifies

reaction energy barriers, which can greatly influence the

reaction rates and branching ratios [1, 2]. QM tunneling can

be critical in proton transfer reactions [3–6]. Nonadiabatic

dynamics involving transitions between different electronic

or vibrational energy levels is always present in photo-

chemistry [7–9]. As the system size increases, it becomes

very difficult to describe molecular systems quantum-

mechanically due to the exponential scaling of the standard

methods of solving the time-dependent Schrödinger equa-

tion [10]. A number of multidimensional quantum approa-

ches have been developed over the years, including those

using basis contractions [11–13], Gaussian coherent state

representations [14, 15] and mixed quantum/classical strat-

egies [16–22]. Nevertheless, since 2001, up to date reaction

dynamics of hydrogen and methane remains the largest

reactive scattering process studied quantum-mechanically in

full dimension using exact evolution method, the Multi-

Configurational Time-Dependent Hartree method [12, 23].

At the same time, the classical treatment of nuclei is often

appropriate, and the simulation methods based on classical

trajectory dynamics [24] are applicable to molecular systems

comprised of thousands of atoms. The trajectory represen-

tation of large molecular systems is appealing for several

reasons. One reason is that the trajectory description of heavy

particles, based on quasiclassical, semiclassical or quantum
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trajectory dynamics, is often more appropriate than the grid

or basis representation, because close to the classical limit,

�h! 0; the wavefunctions are highly oscillatory. Another

reason is that the initial conditions for the trajectories sim-

ulation can be chosen randomly, which formally circum-

vents the exponential scaling of the wavefunction

representation with the system size. (The conventional direct

product grid or basis methods scale exponentially by con-

struction). In general, a wavefunction for an arbitrary cou-

pled anharmonic Hamiltonian will be an exponentially

complex object, but for molecular systems with most of the

nuclei behaving classically one expects simpler wavefunc-

tions due to quantum and thermal decoherence [25]. Not

surprisingly, incorporation of QM effects into classical tra-

jectory framework is a long-standing theoretical goal, which

motivated the development of quasiclassical [26] and

semiclassical methods (for example see [27]) traditionally

based on dynamics of independent classical trajectories.

A number of recent trajectory methodologies [28], related

to the quantum or the Madelung–de Broglie–Bohm trajec-

tory formulation of the time-dependent Schrödinger equation

[29–31], incorporate the intrinsically non-local QM effects

into evolution of a trajectory ensemble representing a

wavefunction. In this paper, we implement an approximate

method of this type, namely dynamics with the momentum-

dependent quantum potential (MDQP) [32] in Cartesian

space: a wavefunction is evolved in imaginary time

according to the QM Boltzmann operator yielding the ZPE

estimates for high-dimensional systems. Implementation in

the Cartesian coordinates is important because it allows one

to work with the Hamiltonian of the simplest form, to setup

calculations in the molecular dynamics-compatible frame-

work and to naturally mix quantum and classical description

of particles. The MDQP and its gradient are determined

approximately from the global fit of the trajectory momen-

tum, which is necessary for a practical multidimensional

implementation with polynomial scaling. Section 2 describes

the formalism and implementation, for simplicity in one

dimension; r denotes the spatial derivatives throughout,

including the one-dimensional case r = q/qx. Numerical

illustration for a model cluster (up to 11 particles) is given in

Sect. 3. Section 4 presents discussion and summary.

2 Imaginary-time quantum trajectory evolution

in Cartesian coordinates

2.1 The MDQP quantum trajectory formulation

in the Eulerian frame-of-reference

The quantum trajectory approach in imaginary time is

inspired by the Bohmian formulation of the Schrödinger

equation,

Ĥwðx; tÞ ¼ i�h
o

ot
wðx; tÞ; ð1Þ

with the time-dependent complex wavefunction written in

terms of real phase S(x, t) and amplitude A(x, t), wðx; tÞ ¼
Aðx; tÞ expðiSðx; tÞ=�hÞ: This yields the Hamilton–Jacobi

equation

oSðx; tÞ
ot

¼ �ðrSðx; tÞÞ2

2m
� V � Q ð2Þ

and the continuity equation on the probability density

A2(x,t) [31]. Equation 2 leads to the Newtons equations of

motion for the trajectories with the momenta p(x, t) = r
S(x, t) guided by the sum of the classical potential V and

the quantum potential Q,

Q ¼ � �h2

2m

r2Aðx; tÞ
Aðx; tÞ : ð3Þ

Exact and approximate implementations of the real-time

Bohmian methodology, including applicability and limita-

tions, are reviewed in [28, 33]. The goal of the approximate

methodology is to give estimates of the QM effects

The Boltzmann evolution of a wavefunction according

to the diffusion equation with the QM Hamiltonian Ĥ;

Ĥwðx; sÞ ¼ ��h
o

os
wðx; sÞ; s[ 0 ð4Þ

is equivalent to Eq. 1 with the real-time variable t replaced

by �ıs: This transformation, the so-called Wick rotation

[34], is widely used starting with the path integral formu-

lation of statistical mechanics [35] and including, for

example, recent Gaussian-based methods [36–38]. In the

semiclassical trajectory context, this transformation gen-

erates the real-time trajectory evolution on the inverted

classical potential [39].

As s!1, any initial wavefunction propagated in time

according to Eq. 4 will evolve to the lowest energy

eigenfunction (of the same symmetry if the system has a

definite symmetry), since the lowest energy component is

the slowest to decay. Choosing the energy scale so that

eigenenergies are positive to avoid the exponential growth

of the wavefunction norm hwjwis; the wavefunction energy

E will converge to the ZPE value, E0:

EðsÞ ¼ hwjĤjwishwjwis
; lim

s!1
EðsÞ ¼ E0 ð5Þ

This feature is central to the Diffusion Monte Carlo

methods used in the largest exact QM ZPE calculations

[40–44]. The imaginary-time evolution also can be viewed

as ‘‘cooling’’ of a system to the temperature T, where

kBT ¼ 1=b ¼ �h=s; when acted upon by the Boltzmann

operator expð�bĤÞ in the thermal reaction rate constant

calculations [45].
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In MDQP, Eq. 4 is reformulated in terms of trajectories

by expressing a nodeless wavefunction as an exponent of

the ‘‘action’’ function S, whose gradient is identified with

the trajectory momenta [32],

pðx; sÞ ¼ rSðx; sÞ: ð6Þ

We present the formalism for a particle of mass m in one

Cartesian dimension x in the Eulerian frame-of-reference.

Multidimensional generalizations and the Lagrangian

frame-of-reference formulation can be found in [46, 47];

Ref. [48] contains a comparison of the Eulerian and

Lagrangian formulations. Equation 4 has been imple-

mented in terms of trajectories earlier by other groups [49,

50] in terms of ‘‘independent’’ quantum trajectories. These

methods are based on the hierarchy of differential equa-

tions for the high-order gradients of S truncated at a fixed

level q (q = 4 or 6 in practice); the number of equations

scales as (Ndim)q?1. The MDQP approach evolves only the

first derivatives of S, p = r S, and the approximation is

implemented globally, thus making it practical for high-

dimensional systems.

To obtain the classical-like equations of motion, we

express a positive wavefunction via a single exponential

function,

wðx; sÞ ¼ exp � Sðx; sÞ
�h

� �
ð7Þ

which, substituted into Eq. 4, gives the equivalent of the

Hamilton–Jacobi equation,

oS

os
¼ �ðrSÞ2

2m
þ V þ �h

2m
r2S: ð8Þ

Defining the momentum according to Eq. 6, the last term in

Eq. 8 is interpreted as the momentum-dependent quantum

potential (MDQP) [32, 51],

Uðx; sÞ ¼ �hrp

2m
; ð9Þ

responsible for all QM effects. It is non-local and influ-

ences the dynamics on equal footing with the external

classical potential V. In the Lagrangian frame, Eq. 8 defines

the trajectory dynamics on the inverted classical potential

with MDQP of Eq. 9 added to it [32]. As a consequence,

trajectories leave the region of low potential energy caus-

ing undersampling of the ground-state wavefunction at

long times in high-dimensional ZPE calculations [51].

Thus, we consider the Eulerian frame-of-reference where

the initial trajectory positions are stationary random grid

points. In quantum trajectory dynamics, the Eulerian and

Arbitrary Lagrangian-Eulerian frames were introduced by

Trahan and Wyatt [52].

The trajectory momentum function at a fixed x evolves

according to the gradient of Eq. 8,

op

os
¼ � prp

m
þrðV þ UÞ: ð10Þ

For practical multidimensional implementation, the first

and second derivatives of p in Eqs. 9 and 10 are computed

approximately from the global Least Squares Fit [53] to p

in the Taylor (or monomial) basis f~;

f~¼ ð1; x; x2. . .Þ: ð11Þ

The fitting coefficients c~minimize the difference between

the exact momenta and its fit ~p; ~p ¼ f~ � c~;

I ¼ hðp� ~pÞ2i: ð12Þ

Their optimal values are the solutions to a system of linear

equations rc~I ¼ 0~;

Mc~¼ b~; M ¼ hf~� f~i; b~¼ hpf~i: ð13Þ

The expectation values are evaluated over the trajectory

ensemble,

hX̂i ¼
Z

XðxÞw2ðx; sÞdx ¼
X

i

XðxðiÞs Þe�2S
ðiÞ
s =�hdxðiÞ: ð14Þ

Superscript i labels the trajectory-related quantities after

discretization of the initial wavefunction; subscript defines

the time. The trajectory weight, dx(i), is the contribution of

the ith trajectory to the integrals at time s = 0; the tra-

jectory weights are constant in time.

The linear basis is exact for Gaussian wavefunctions and

gives zero quantum force in Eq. 10. The quadratic basis is

the smallest one that generates evolution of p(x, s) that is

different from the classical evolution. The momentum fit ~p

determines the approximate MDQP in Eq. 8 and in the

right-hand side of Eq. 10. The latter contains the term

without �h; prp=m; which is an approximation we have to

make in the Eulerian frame in addition to approximating

the MDQP terms. (In the Lagrangian frame, this term is

treated exactly as part of the full-time derivative). But the

advantages of the stationary points over the evolving tra-

jectories are considerable: classical potential and its gra-

dient is evaluated only once and, for localized ground

states, the stationary points sample the high-density region

of the wavefunction at all times, while in the Lagrangian

formulation, the trajectories leave this region. The MDQP

formulation given by Eqs. 7, 10 and 13 has been shown to

give accurate ZPE estimates for anharmonic systems,

including the double well, and for the triatomic molecules

using the normal mode coordinates with a reasonably small

(quadratic) momentum fitting. The MDQP results con-

verged to the QM result for larger bases of 4–6 functions

[32, 51].

For a system of Natom atoms, the Cartesian space for-

mulation in 3Natom dimensions has the advantage of the
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simple equations of motion [23, 54] for an example of how

complicated the Hamiltonian in internal coordinates is

already for a non-rotating four-particle system. However,

in imaginary time, the Cartesian description brings forward

a question of how to treat the redundant degrees of free-

dom: the center-of-mass (CoM) motion and the overall

rotation do not contribute to ZPE, but result in the wave-

function delocalization in the corresponding degrees of

freedom. The practical, small-basis momentum fitting is

accurate for localized wavefunctions close to Gaussians in

Cartesian space. Therefore, wavefunction localization and

shorter decay (to ZPE) time are highly desirable features

for the imaginary-time approximate MDQP dynamics dis-

cussed in the remainder of this section.

2.2 The center-of-mass motion

In imaginary time, an arbitrary initial wavefunction decays

to the ground state of the non-rotating system, CoM being

at rest: at infinite s, the total energy is equal to the ZPE of

the internal degrees of freedom. The CoM motion is, of

course, decoupled from the other modes of motion, but it

can affect the accuracy of the approximate implementation.

Let us examine the effect of CoM motion on the conver-

gence of the total energy to the ZPE. We take wðx~; 0Þ as a

product of Gaussians in each Cartesian dimension centered

at the minimum x~0 of V,

wðxk; 0Þ ¼
2ak

0

p

� �1=4

expð�ak
0ðxk � xk

0Þ
2Þ; ð15Þ

where x0
k and a0

k correspond to the dimension k. In terms of

the atomic Cartesian positions r~n; for n ¼ 1; 2; . . .;Natom and

the corresponding atomic masses, the CoM position R~; is

R~¼ M�1
X

n

mnr~n; M ¼
X

n

mn: ð16Þ

Here and below the latin subscripts, i, j etc., are used to

label atoms; the greek subscripts k, l etc., are used to index

the elements of the vectors and matrices of dimensionality

3Natom. In particular,

x~¼ ðr~1; r~2; . . .; r~Natom
Þ ¼ fxkg; k ¼ 1; 2; . . .; 3Natom:

ð17Þ

In full dimensionality, the masses can be arranged as an

array of 3Natom elements, ðm1;m1;m1;m2;m2;m2; . . .Þ:
The normalized energy of a Gaussian (for one degree of

freedom) evolving according to Eq. 4 in free space is

Ecm ¼ a0

2M 1þ 2sa0=Mð Þ : ð18Þ

The value of Ecm and its convergence to zero depend on

a0/M, where a0 is large for the ’classical’ degrees of freedom

describing heavy particles. The convergence is hyperbolic

with time and implies a complete delocalization of w(x, s) in

the CoM degrees of freedom. Since the approximate MDQP

methodology is practical and accurate in the regime of

localized wavepackets, we need to subtract CoM energy,

without changing the Cartesian space wavepacket setup and

Hamiltonian, and to counteract the spreading. This can be

achieved by constraining—in the spirit of soft constraints

used in molecular mechanics methods [55]—the CoM

motion with the quadratic potential in R~ added to V,

Vcm ¼ Mw2

2
ðR~� hR~iÞ2 ¼ kcm

2
ðR~� hR~iÞ2: ð19Þ

The average CoM position will be set to zero, hR~i ¼ 0;

henceforth.

Examining the imaginary-time evolution of a Gaussian

in a quadratic potential [51], one finds the convergence of

Ecm to a constant value to be exponential, which is also true

for the wavepacket width parameter as. Defining the

coherent width ac = Mw/2 and g = (a0 - ac)/(a0 ? ac),

Ecm
s!1 ¼

w

2
1þ g2e�4ws
� �

ð20Þ

as!1 ¼ ac 1þ 2ge�2ws
� �

: ð21Þ

Obviously, presence of Vcm improves convergence of ZPE

with time and localizes the CoM wavepacket at the

coherent value. The CoM energy, which is 3w/2 at the end

of time evolution for three dimensions of R~; can be ana-

lytically subtracted without knowing the explicit form of

the initial CoM wavefunction. For large molecular systems,

M !1; the CoM constraint might be unnecessary if a0/M

is small—the CoM wavepacket remains localized during

the course of evolution—and if Ecm can be neglected with

compared to the internal ZPE.

2.3 The overall rotation

We also need to fix the overall rotation of the molecular

system and prevent delocalization of the wavefunction over

the corresponding angles. This will be accomplished with

the ‘‘soft constraint’’ as well by adding an effectively three-

dimensional quadratic potential defined (after shifting CoM

to zero) by three vectors d~
ðnÞ
; n ¼ f1; 2; 3g; perpendic-

ular to the average positions of all atoms q~i; i ¼ 1. . .Natom;

and perpendicular to the three unit vectors along the

Cartesian axes e~ðnÞ;

e~ð1Þ ¼ ð1; 0; 0Þ; e~ð2Þ ¼ ð0; 1; 0Þ; e~ð3Þ ¼ ð0; 0; 1Þ: ð22Þ

We have also used the three unit vectors along the principal

axes of the moments of inertia [56] with the same effect as

when using Eq. 22. Using the full dimensional vectors of

average positions
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q~¼ ðq~1; q~2. . .q~NatomÞ ¼
hwjx~jwi
hwjwi ; ð23Þ

and the three vectors defining the directions of the overall

rotation (subscript i labels atoms)

d~
ðnÞ
i ¼

mi

M
q~i � e~ðnÞ; d~

ðnÞ ¼ ðd~ðnÞ1 ; d~
ðnÞ
2 . . .d~

ðnÞ
Natom
Þ ð24Þ

the rotational localizing potential is

V rot ¼ krot

2

X3

n¼1

d~
ðnÞ � ðx~� q~Þ

� �2

: ð25Þ

The same is more convenient when written in using matrix

and vectors of full dimensionality:

V rot ¼ krot

2
ðx~� q~Þ �D � ðx~� q~Þ; Dkl ¼

X3

n¼1

d
ðnÞ
k dðnÞl : ð26Þ

The vectors d~
ðnÞ

of Eq. 24 are normalized after construc-

tion. The factor mi/M is introduced into d~
ðnÞ

to make Vrot

independent on the particle mass, as to have the same Vrot

for H2 and HD.

Since the localizing potential given by Eq. 26 is a

quadratic function, the energy of the overall rotation will

decay in time to the ZPE of Vrot defined by the three (or

two for a linear molecule) non-zero eigenvalues gl of the

mass-weighted Hessian matrix h,

hkl ¼
krotDklffiffiffiffiffiffiffiffiffiffiffi

mkml
p ; Erot

s!1 ¼
1

2

X
l¼1;3

ffiffiffiffiffi
gl

p
: ð27Þ

The coordinate transformation into the internal degrees of

freedom is not needed [56]; the matrix size is 3Natom. Once

added to V ? Vcm, Vrot will keep the wavefunctions

localized in the three directions of the overall rotation,

enabling use of a cheap MDQP approximation; its analyt-

ically known contribution to the total energy should be

subtracted to obtain the internal ZPE. In general, for

anharmonic potentials, the rotations are not rigorously

decoupled from the internal modes [57], but for the ground

state, the effect of Vrot on ZPE is small as shown in the next

section. The effects of the CoM and rotational harmonic

potentials are visualized in Fig. 1 for a trimer, as described

detail in the next section.

3 ZPE calculations

The vibrational energy calculations of spectroscopic

accuracy for general systems are beyond the capabilities of

the approximate MDQP method. This approach is not

designed to compete with the exact methods, such as the

Diffusion Monte Carlo or Vibrational Self-Consistent Field

[58, 59] but to give cheap estimates of various types of QM

effects. The ZPE calculations serve as a convenient test of

the approximate MDQP, which is expected to give rea-

sonable estimates for semi-rigid molecules by incorporat-

ing leading anharmonic terms of classical potentials.

As a proof-of-principle, we apply the formalism of Sect. 2

to compute ZPEs of systems consisting of up to Natom = 11

nuclei with pairwise nearest neighbor interactions,

V ¼
Xnearest

i [ j

Vij; Vij ¼ Dðexpð�zðrij � r0ÞÞ � 1Þ2; ð28Þ

where rij are the bond distances, rij ¼ jx~i � x~jj: The mass

and parameters of the Morse potential given by Eq. 28 [60]

describe H2 molecule in atomic units: D = 0.17429

Eh, r0 = 1.4 a0 and z = 1.0435 a0
-1, m = 1836 a.u. The

classical minimum energy configuration of atoms is simply

the geometry when all bonds included in the sum are equal

to r0; hriji ¼ r0: The formalism of Sect. 2 is implemented

using the quadratic fit of p. The initial wavefunction is

defined as the direct product of the Gaussians (15) centered

at the minimum of the classical potential. The width

parameters a0 were assigned the same values for all

dimensions and did not correspond to the normal mode

values. The sampling of the random grid points is uniform

[53] within the region of the wavefunction density

w2ðx; 0Þ[ 10�e: Parameter e is the sampling cutoff in a

single dimension. To make the low-order polynomial fit-

ting accurate, only the central region, e ¼ 0:125; is typi-

cally sampled. The force constants in Eqs. 19 and 26 are

chosen to give energy due to the localization potentials,

Eqs. 19 and 26, on the order of the internal ZPE. The time

evolution of S and p in the Eulerian frame-of-reference

according to Eqs. 8 and 10 is implemented in a straight-

forward manner giving linear convergence of the wave-

function norm and (unnormalized) energy with respect to

the time step. (i) The polynomial fit, ~p; of the function

p(x) is used in the right-hand side (RHS) of Eqs. 8 and 10.

(ii) The values of S and p are incremented by the corre-

sponding RHS values multiplied by ds. This choice allows

the RHS of Eq. 10 to be an analytical gradient of Eq. 8

throughout the propagation.

3.1 A diatomic molecule

H2 molecule is described in six Cartesian coordinates with

positions of protons 1 and 2 denoted as r~1 ¼ ðx1; x2; x3Þ and

r~2 ¼ ðx4; x5; x6Þ: The initial width parameter is a0 = 12 a0
-2

in all dimensions; the molecule is oriented along the z-axis,

and its CoM is at zero. The value of a0 is roughly defined

by the normal mode frequencies, but as shown in [32] in

practice, the ZPE is rather insensitive to this choice. In the

Cartesian coordinates, the localizing CoM potential is

Theor Chem Acc (2012) 131:1083 Page 5 of 10
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Vcm ¼ kcm

8
x1 þ x4ð Þ2þ x2 þ x5ð Þ2þ x3 þ x6ð Þ2

� �
: ð29Þ

The rotational potential is

V rot ¼ krot

4
ðx1 � x4Þ2 þ ðx2 � x5Þ2
� �

; ð30Þ

which makes physical sense—rotations from the original

z-direction will increase the total energy. Figure 2 shows

the total normalized energy of the wavefunction with the

ZPEs of localizing potentials subtracted as appropriate. The

values of the force constants were the same kcm =

krot = 1.5Eh/a 0
2, which gave ZPEs of 2.86 E0 and 3.04 E0,

respectively. E0 is the analytical ZPE of the Morse

potential, E0 = 1.00187 9 10-2 Eh. The trajectory

ensemble consisted of 2500 random points uniformly

sampling the initial density within the cutoff parameter

e ¼ 0:125: The momentum components were fitted with

quadratic polynomials yielding the total basis size of

Nbas = 28. The scaling of the quadratic basis with the

dimensionality is Nbas = (Nd ? 1)(Nd ? 2)/2, Nd = 3Natom.

The approximate MDQP evolution is cheap: propagation

of 1,000 trajectories for one thousand time steps in six

dimensions takes about 2 s on a desktop workstation. The

scaling of CPU is linear with respect to the number of

trajectories and quadratic with respect to the basis size.

As seen from Fig. 2 without Vrot, the wavepacket energy

E sharply drops after s& 700 a.u., because the wave-

function spread in angles makes the quadratic momentum

Fig. 1 Trimer: density

localization with and without

constraints. The isodensity

surfaces are shown after

evolution up to s = 0.1 a.u.

a without localization

potentials, b with just Vcm

included, c with just Vrot

included and d with both CoM

and overall rotation localizing

potentials included

0 500 1000

Time [a. u.]

0

0.02

0.04

E
ne

rg
y

k
cm

=0     k
rot

=0

k
cm

=1.5  k
rot

=0

k
cm

=0     k
rot

=1.5

k
cm

=1.5  k
rot

=1.5

QM

Fig. 2 The internal energy of the H2 system computed in 6D

Cartesian coordinates. The force constants of the confining potentials

are on the legend. Arrow marks the analytical internal ZPE
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fitting inaccurate. With the rotational localizing potential in

place, the energy converges to a constant, but it does so

slowly without the CoM constraint. The accuracy of the

internal ZPEs is given in Table 1. The initial orientation of

H2 was along the z-axis, but to verify the invariance of the

formalism to rotation, the initial orientation for the isoto-

pically substituted species was rotated. The initial Gaussian

wavefunction was centered at x~0 ¼ ð0:73654; �0:40656;

0:40415; �0:36827; 0:20328; �0:20207Þ a0. Vrot was

constructed using the principal axes of inertia rather than

Cartesian directions of Eq. 22 in this case. The internal

ZPE is given as percent of the analytical ZPE. The accu-

racy is within 0.5% in all cases. The linear fitting of the

momentum gives ZPE within 2% and, more importantly,

does not converge to a plateau value with time.

3.2 Clusters

First, we will examine the trimer with pairwise interactions

via the Morse potential described above. The exact QM

ZPEs are obtained from the Fourier-transforms of auto-

correlation functions propagated in real time using the

split-operator method [61]. The system was described in

three dimensions in the Jacobi coordinates at zero total

angular momentum using a grid of 32 9 32 points in the

radial coordinates and 25 Discrete Variable Representation

(Gauss-Legendre) points in angle [10]. The energy level

resolution is 4 9 10-5 Eh. For the MDQP calculation, the

parameters are e ¼ 0:125; kcm ¼ krot ¼ 8 Eh/a0
2. Ensemble

of 2500 trajectories was evolved up to s = 200 a.u. The

initial width parameter is taken a0 = 12 a0
-2 for all 9

Cartesian dimensions. The centers of the Gaussians form

an equilateral triangle in xy-plane with the side of r0 = 1.4

a0. This configuration gives the lowest value of the

classical potential. The internal ZPEs, given in Table 2, are

computed for H3 and for the deuterium substituted species

and compared to the exact QM results. As seen from the

table, the MDQP with quadratic fitting gives accuracy

better than 0.4% and converges to the plateau value within

10-6 Eh. This shows that the choice of the rotational

localization potential of Eq. 26 is correct. The MDQP

calculation takes 6 s, whereas the exact QM propagation

(using a fairly small grid described above) takes about 6

min.

There are two parameters that determine the accuracy of

the MDQP calculation: the force constants of the locali-

zation potentials, kcm and krot and the cutoff parameter e:
(The fitting basis size, obviously, has crucial effect on the

accuracy, but due to polynomial scaling of the basis size

with Natom, we consider only the quadratic basis). The CoM

motion separates from other modes of motion; the rota-

tional motion is separable if the classical potential is qua-

dratic. In this case, considering for simplicity

kcm = krot = k, the energy associated with the added

localization potentials given by Eqs. 19 and 26 is a linear

function of
ffiffiffi
k
p

: Once this localization energy is subtracted

from the total energy, the remaining internal modes ZPE

should be constant. Figure 3 shows the internal modes ZPE

for H3 extracted from calculations with various localization

force constant k. As seen from the plot, indeed there is a

Table 1 The zero-point energy for H2 (and isotope substitutions)

computed from imaginary-time propagation in 6 Cartesian

coordinates

Ntraj t (a.u.) m (a.u.) a0 (a0
-2) E(s) (%) dE/ds, (Eh/a.u.)

100 250 HH 12 99.60 1.9 9 10-8

500 250 HH 12 99.52 2.5 9 10-8

2500 250 HH 12 99.52 2.3 9 10-8

2500 250 HH 9 99.36 7.2 9 10-9

2500 250 HH 18 99.70 6.0 9 10-8

2500 250 HD 12 99.73 -6.6 9 10-8

2500 250 DD 12 99.61 -3.2 9 10-7

2500 250 HT 12 99.68 -2.1 9 10-7

2500 250 DT 12 99.43 -5.8 9 10-7

2500* 250 HH 12 98.05 9.6 9 10-7

All calculations were performed with the quadratic momentum fitting,

except for the last calculation marked * performed with the linear

momentum fitting

Table 2 ZPE for the hydrogen (and deuterium substituted) model

trimer computed from imaginary-time propagation in 9 Cartesian

coordinates

Species E(s) (Eh) dE/ds (Eh/a.u.) EQM E(s)/EQM

H3 0.029496 3.0 9 10-8 0.029368 1.0044

H2D 0.026880 -1.0 9 10-7 0.026777 1.0039

HD2 0.024026 -4.5 9 10-7 0.023950 1.0039

D3 0.020929 -1.0 9 10-6 0.020887 1.0020

The number of trajectories is 2500, final s = 200 a.u., e ¼ 0:125 and

a0 = 12 a0
-2 for all systems

0 4 8 12

k
 1/2

 [hartree/bohr
2
]

0.0294
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Fig. 3 Dependence of the internal ZPE on the force constant of the

localization potentials given by Eqs. 19 and 26 for the trimer;

kcm = krot = k
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regime of k, where the internal ZPE approaches a plateau

value (which corresponds to the total ZPE being linear inffiffiffi
k
p

) yielding the internal ZPE estimates.

The effect of localization in CoM and rotation modes is

visualized on Fig. 1. The isodensity surface plotted on the

figure at s = 200 a.u. is approximated with three-dimen-

sional Gaussian functions for each atom using single-par-

ticle fitting of p~: Panel (a) has zero Vcm and Vrot; on panel

(b), the CoM localization is introduced; on panel (c), just

the rotational localization is included. Both, Vrot and

Vcm, were included on panel (d). The value of the force

constant is k = 2. As we see, Vrot and Vcm are essential for

localization of the wavepacket. The effect of Vcm is not as

dramatic as that for Vrot. As discussed in Sect. 2, Vcm

accelerates convergence of the total energy to a plateau

value.

The dependence of ZPE on the sampling cutoff

parameter e is illustrated on Fig. 4. The initial random

points sample the region of the wavefunction density where

q[ 10�e for each dimension. Sampling more compact

region of space—smaller e values—improves accuracy of

the fitting, but making e too small looses information on the

anharmonicity of the potential. On the figure, the ZPE is

shown for the linear and quadratic fitting of the momen-

tum: the linear fit approaches the normal mode value as

e! 0; the quadratic fit approaches a value about 0.3%

lower than the exact QM result. The normal mode estimate

is 1.9% higher. The MDQP accuracy is worse for large

values of e: This difference of 0.3% is the limit of the

quadratic fitting basis. The parameter values k ¼ 8; e ¼
0:125 and the quadratic fitting basis will be used for larges

systems below unless stated otherwise.

To test the scalability of the approximate MDQP, we

extend our model system to clusters of up to 11 atoms.

The cluster geometries are obtained by first adding an atom

on the positive z-axis above the trimer in xy-plane to create

a tetrahedron (tetramer), then adding the fifth atom on the

negative z-axis (pentamer). More atoms are added atop of

each face of the pentamer creating an hexagonal close-

packed array. The initial parameters are a0 = 12

a�2
0 ; e ¼ 0:125: Ensembles of Ntraj = 2500 trajectories

were evolved up to s = 200 a.u. At this time, the nor-

malized energies reached plateau values, which are the

MDQP estimates of the cluster ZPEs. These values are

compared to the normal mode ZPEs in Table 3 for

Natom = 3 - 8, 11. The time derivatives, dE(s)/ds, indi-

cate the convergence. The results are converged with

respect to the number of trajectories within 4 digits and

with respect to e within 0.5%. Figure 5a shows the ZPEs

per bond in the units of the energy of the dimer bond. The

difference between the MDQP estimates and normal mode

estimates changes from 2% for 3 bonds to 0.5% for 27

bonds. For the trimer, for which we have accurate QM

ZPE, the difference between the QM and MDQP result is 6

times smaller than between the MDQP and the normal

mode estimate. Thus, MDQP calculation captures changes

in the ZPE due to anharmonicity of the Morse potentials.

Note that the leading, cubic, anharmonic term gives zero

correction to the energy within the first-order perturbation

theory. This claim is consistent with the ZPE calculation

for particles that are 10 times heavier, m = 18360 a.u. The

results are shown on Fig. 5b. For heavier particles, the

eigenstates are more localized. Therefore, the normal mode

approximation is more accurate, and indeed, the discrep-

ancy between the MDQP and normal mode approximations

is smaller (& 3 times smaller since the energy scales as

m-1/2). Compared to m = 1836 a.u. calculations, the initial

width was changed to a0 = 38 a0
-2 and the evolution was

performed up to s = 1,000 a.u.

Table 3 Internal energy for the clusters, E(s), approaching the ZPE

at s = 200 a.u., computed from the imaginary-time MDQP propa-

gation in Cartesian coordinates

Natom Nbond E(s) (Eh) dE/ds (Eh/a.u.) Enorm

3 3 0.02947 -0.81 9 10-9 0.03006

4 6 0.05833 -0.26 9 10-8 0.05926

5 9 0.08665 0.29 9 10-9 0.08780

6 12 0.11470 0.66 9 10-8 0.11597

7 15 0.14245 0.15 9 10-7 0.14378

8 18 0.16977 0.25 9 10-7 0.17123

11 27 0.24962 0.55 9 10-7 0.25115

The last column contains the normal mode ZPE estimates. The

parameters of calculations are described in text
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density cutoff, ε

0.024
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Fig. 4 Dependence of the ZPE of the trimer on the sampling cutoff

parameter e, q [ 10-e. The results for the linear momentum fitting

converge to the normal mode ZPE; the results for the quadratic

momentum fitting the QM result
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4 Discussion and summary

We have presented an approximate approach to the

wavepacket evolution in imaginary time in Cartesian

coordinates and demonstrated its efficiency for high-

dimensional systems. The trajectory formulation of the QM

diffusion equation 4 allows one to express all the quantum

effects through a single non-local potential-like term—the

momentum-dependent quantum potential (MDQP). The

quantum potential and the corresponding force are deter-

mined from the global Least Squares Fit of the momentum,

which gives polynomial scaling with the number of

dimensions to the method. For the quadratic fitting of the

momenta, the number of basis functions scales quadrati-

cally with the dimensionality; the scaling of the overall

numerical cost is dominated by the classical trajectory

evolution, which is linear. The trajectory formulation itself

allows random sampling of the initial wavefunction den-

sity, thus avoiding the exponential scaling with dimen-

sionality of the wavefunction representation typical for the

exact QM methods.

The approximate MDQP approach has been imple-

mented in the Eulerian frame-of-reference and used for

ZPE calculations. The Eulerian formulation necessitates

approximation of the term, r p/m, that does not vanish in

the classical limit of �h! 0; but it has two important

practical advantages over the Lagrangian formulation with

moving trajectories, at least for the potentials with local-

ized minima: (i) the evolution equations in the Eulerian

formulation are solved for stationary points—thus the

representation of the ground state does not deteriorate with

time; (ii) the classical potential and its gradient has to be

computed only once—a tremendous saving for on-the-fly

dynamics. In the ZPE calculations performed, we were able

to use small ensembles of 2500 points for all cluster sizes,

fairly localized around the minimum of V, due to the

special feature of the quantum imaginary-time trajectories:

the energy of each trajectory becomes equal to the ZPE as

evolution unfolds. Such ensembles will be too small to

represent the entire ground state, though the Gaussian

approximation to it can be easily constructed. For systems

with delocalized ground states or multiple minima of

V, some combination of the Eulerian/Lagrangian formula-

tion [48] or treatment of multiple low-energy regions as

separate domains may be required. Such treatments will be

more expensive requiring more trajectories and/or higher

order fitting bases.

Implementation in Cartesian space is important because

this is the framework of the classical mechanics methods,

such as molecular dynamics, equations of motion and

Hamiltonians take the simplest form, and because such

formulation naturally invites mixed quantum/classical

description of the nuclei. In order to include the QM cor-

rection on dynamics in Cartesian coordinates, we have

introduced additional potentials that keep the wavefunction

localized in the CoM and overall rotation degrees of free-

dom. This localization is necessary for accurate determi-

nation of MDQP in Cartesian coordinates within the

minimal, quadratic basis. We have shown that there is a

range of the force constants for the localizing potentials,

where their effect on the internal ZPE is small and can be

analytically subtracted from the total energy. The normal

mode analysis can guide the choice of these parameters, as

well as of the initial wavepacket widths. The concept of

localizing potentials is similar to the soft constraint of

molecular mechanics. For large molecular systems, they

may become irrelevant, as it takes longer for a large system

to move or rotate as a whole. The energy associated with

the localization of the initial wavefunction in these degrees

of freedom will be small compared to the internal ZPE and

can be estimated from the diagonalization of the Hessian in

Cartesian coordinates. Alternatively, one can consider

constraining the overall motion and rotation by projection

of the forces on the undesired directions, something that
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Fig. 5 ZPE per bond obtained form the approximate MDQP

evolution and in the normal mode approximation for atomic masses

m = 1836 a.u. on panel (a) and m = 18360 a.u. on panel (b). The

energy values are given in the units of the single bond energy of the

Morse oscillator, E0
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will be explored in the future. Application of the quadratic

potential in the CoM coordinates should speed up the

convergence to the ground state regardless of the propa-

gation method.

So far, we conclude that the cost and scalability of the

quadratic fitting for systems with localized ground state is

promising. Cheap MDQP calculations give reasonable

corrections to the normal mode ZPE estimates. The

Cartesian coordinates implementation is compatible with

classical simulation methods. The ultimate goal of this

research is inclusion of QM corrections on dynamics of

nuclei in large molecular systems. Future work will include

thermal reaction rate calculations using the quantum tra-

jectories in imaginary and real time and the mixed quan-

tum/classical treatment of nuclei.
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